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Serezha et Micha, en temoignage d’amitie 


Introduction 


The aim of this note is to present some algebraic constructions related to 
Gerstenhaber algebras. 

Let A be a smooth manifolclil, Tx the sheaf of vector helds over X. The graded 
algebra of polyvector helds A*Tx carries a structure of a sheaf of Gerstenhaber 
(aka odd Poisson) algebras. This means by dehnition that A’Tx carries a Lie 
bracket of degree —1 (the Schouten - Nijenhuis bracket) such that the operators 
ada: are derivations of the exterior product (with appropriate signs), the precise 
dehnitions are recalled below, see 1.1. 

Let us call a Batalin - Vilkovisky (BV) structure on 7x an operator A : 
A’Tx —> A*Tx[—1] such that 

X{xy) - X{x)y - {-lfxX{y) = {-iy[x,y] {BVl) 

(where we write x = i for x being a local section of A*Tx), and 

A o A = 0. {BV2) 

According to Koszul [K] (cf. also [SI]), there is a canonical bijection between 
the set BV (Tx) of BV structures on Tx and the set of integrable connections on 
the canonical bundle ux- It follows that BV structures exist locally, and form a 
sheaf ®Vx which is a f2^‘^^-torsoi@; its class is equal to ci(Tx) G H^{X] G^'^*), cf. 
[GMS], §11. 

In the present note we generalize the above considerations, replacing the Schouten 
- Nijenhuis algebra A’Tx by an arbitrary Gerstenhaber algebra. 

Let G* be a Gerstenhaber algebra. We associate to G* certain complex f2*(G*) 
which we call the de Rham complex of G*. For example G*(A*Tx) is the usual 
de Rham complex of X. In fact, f2*(G*) appears as a subcomplex of a bigger 
complex f2*(G*)~ which might be not without interest in itself. 

^we can work in C°°, analytic, or algebraic category 

^here ”cl” means ’’closed” 
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Let us call a quasi-BV structure on G* an operator A : G* —> G*[—1] 
which satishes {BVl) and 

A‘^{xy) = A.‘^{x)y + xA‘^{y) {qBV2) 

where := A o A. It is clear that a BV structure is a quasi-BV structure, and 
if G* is concentrated in nonnegative degrees and generated as an algebra by G^ 
and G^, as for example A*7x, then {qBV2) is equivalent to {BV2). We show 
that quasi-BV structures on G* form a f2^’'^*(G*)-torsor; it is a generalization of 
the described above classihcation of BV structures. 

The idea of the construction is inspired by [S2] (cf. also [S3]). Since G* is 
an associative algebra, we can form its Hochschild complex; on the other hand, 
since G*[l] is a Lie algebra, we can form its Chevalley complex; a combination 
of these two complexes is a bicomplex, and appears as the kernel of the 

Hochschild differential. 

Remark. Formula (BVl) has a curious even counterpart introduced by prob- 
abilists, cf. [BE]: 

Lifg)-Lif)g-fLig) = Tif,g) 

where L is a differential operator of the second order, for example the Laplacian in 
a Riemannian manifold; the right hand side is called the carre du champ operator 
and is much used in the theory of Markov diffusion processes, cf. [BGL]. Note that 
the BV operator A is a differential operator of the second order with respect to 
the multiplication (since the Lie - Gerstenhaber bracket is a differential operator 
of the first order). 

The main part of this note has been worked out back in 2005, after a question 
asked by Dmitry Tamarkin in Gopenhagen; I am very grateful to him, and also 
to V.Ginzburg, V.Hinich, R.Nest, and B.Tsygan for useful discussions. I am 
especially grateful to the referee for the attentive reading of the text and several 
corrections. 


1. Gerstenhaber and Batalin - Vilkovisky algebras 


In this Section we recall some basic dehnitions and known results. 

We hx a base held k of characteristic 0; all our (Lie) algebras, modules, tensor 
products, etc. will be over k. 

1.1. Recall that a Gerstenhaber algebra is a Z-graded commutative algebra G* 
equipped with a bracket 

[, ] : G* 0 G^ 
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which makes the shifted graded module G*[l] a graded Lie algebra, that is, it 
satishes 

[x,y] = (Gi) 

and 

[y^A] = [[x,y\,z\ + [x,z]] (G2) 

Here we set 5; = f for x G G*. We denote G*[l] with this Lie bracket by G^*®. 
The multiplication and the bracket should be compatible in the following sense: 

[x, yz] = [x, y]z + {-l)y^^-^^y[x, z] (G3) 

This axiom means that the multiplication G* (8) G* —)■ G* is a map of G'^*®- 
modules, where we consider G* as a G'^*®-module by means of the adjoint repre¬ 
sentation, cf. [BD], 1.4.18. 

1.2. Example: the Schouten - Nijenhuis algebra. Let G* be an N-graded 
Gerstenhaber algebra, i.e. G* = 0 for i < 0. Then H := G° is a commntative 
algebra, T := G^ is a Lie algebra and a left H-module, and T acts, as a Lie 
algebra, on A by r(a) := [r, a], a E A, r E T] the operators a i—)■ r(a) are 
derivations of the ring A. Moreover, the compatibilites 

{aT){b) = a(r(&)) {LAI) 

[r, aiy] = a[r, u] + T{a)u, {LA2) 

a,b E A,t,u E T hold true. All this means that T is a Lie algebroid over A. 
Thus, we’ve got a functor 

{Gerstenhaber algebras) —> {Lie algebroids). 

This functor admits a left adjoint. Namely, if {A,T) is a Lie algebroid, there 
exists a nnique Lie bracket, called the Schouten - Nijenhuis bracket, cf. [K], 
on the exterior algebra A^(T) which coincides with the given bracket on T and 
makes A^(T) a Gerstenhaber algebra. 

This is an odd analogue of the classical Poisson strnctnre on the symmetric 
algebra Sym\T (whose quantization is the algebra of differential operators). 

Let A be a BV structure on A\(T); consider its degree 1 component: 

c:T—^A. (1.2.1) 

This operator (sometimes called the divergence) satishes the following properties: 

c(ar) = ac(r) -|- r(a) {Divl) 

c([r, z/]) = r(c(z/)) - z/(c(r)), {Div2) 

a E A,T,iy E T, which are particnlar cases of {BVl) and {BV2) respectively. 
Gonversely, given an operator (1.2.1) satisfying {Divl) and {Div2), there exists 
a unique BV structure on A* (T) with = c, cf. [K], [SI], and [GMS], §11. 
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(In the last paper BV structures on Lie algebroids are called ’’Calabi - Yau 
structures”.) 

By that reason we will call an operator (1.2.1) satisfying (Divl) and (Div2) a 
BV structure on the Lie algebroid T. 

Set r2^(T) = HomA{T, A), and 

;= {y e n\T)\ y{[T, u]) - T{y{u)) - z/(|/(r)) = 0}. (1-2.2) 

The set BV{T) of BV structures on T is canonically an r2^’^^(T)-torsor, the first 
Chern class ofT. 

§2. Hochschild - Chevalley complex of a Lie algebroid 


We recall here the construction from [S2], Caput 1. In particular we interpret 
the axioms of a BV structure on A^T as a condition that certain cocycle in a 
certain ’’Hochschild - Chevalley” bicomplex is a coboundary. 

2.1. If g is a Lie algebra and M a g-module, the Chevalley complex M) 

is dehned by = Hom{A^Q, M), with the differential 

n+l 

dcHfin, ..., r„+i) = (-l)*+Vi/(ri,..., A,...) + 

i=l 

+ ( 2 . 1 . 1 ) 

If A is a commutative algebra, and M, N two A-modules, let us dehne the bar 
(Hochschild) complex C'u{M^N) by Cfi{M,N) = Hom{A®^ <S) M, N) with a 
difherential 

n 

■ ■ ■ , fln+l, x) = ai/(a 2 , . . . , ttn+l, x) + (~1)*/(®1) • • • ) • • •) + 

i=\ 

+ (-l)”+V(ai, • • •, On; ttn+ix) (2.1.2) 

So for example Lf^(M, N) := H^Ch{M, N) = HomA{M, N). 

2.2. Let T be a Lie algebroid over A. Let us dehne a bicomplex A), 

called the Hochschild - Chevalley bicomplex of T as follows. By dehnition, the 
0-th column will be the Hochschild complex 

C^HcniT: = Ch{T, A) : Hom{T, A) —^ Hom{A 0 T, A) ^ ..., 

and the 0-th line will be a truncated and shifted Chevalley complex 

CSch(T, A) = Cc*pT, A) : Hom{T, ^ Hom{A% A) ^ , 

with the differential multiplied by —1. 
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For i > 0, j > 1 we set 

C%cHiT, A) := Hom{A®^ ®T ® A*T, A) 

The horizontal differential is the Chevalley one, after the identification 
Hom{A®^ ®T® A^T, A) = Hom{A^T, Hom{A®^ ® T, A)), 

explicitly: 

doRfiai ,..., af r; n,...) = Y^ (-l)^’+^{rp/(ai,...; r;..., fp,.. .)- 

p 

^ ^ f (®1) • • • ) • • • , T, . . . , Tp^ • • •) f (®1) • • • ) [^pi '^\i ■ ■ ■ 1 ^pi ■ ■ Olff 

r 

+ XI ; r;..., fp,..., fg,...) 

p<q 

The vertical differentials 

dH : = Hom{A^T, A) Hom{A ®T® A*-^T, A) = 

are given by 

dnfia; n,..., r*) = a/(ri,..., r*) - /(an,..., n) 

where we identify Hom{A^T, A) with the space of skew-symmetric maps T®* —> 

A. 

Note that 

Ker dH = AI\T) := HomA{A\T,A) 

(a skew-symmetric map A-linear with respect to the first argument is A-linear 
with respect to all the other ones). 

One checks by hand that the squares 

Qil 

dn^ ^ du 

are commutative. 

The vertical differential fQp j > 1 is the Hochschild’s one, 

with respect to the first argument: 

dn / (^ 15 • • • 5 7 '^17 F2 7 ''' 7 ^i/(^27***5 ^ J 7 7 ^2 7 * * * 5 A ) ~t~ 

i-1 

+ X] • • • ) OpOp+1; • • • ; Oj; n; T2, . . . , Ti) + 

P=1 

T( f) f (^1? • • • 7 ^j — l7 A) A? • • • 7 a) 

The commutation dudcn = dcndn for upper squares follows from 
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2.3. Lemma. The Hochschild differentials 

dn : Hom{A^^ (^T,A) ^ ^ T, A) 

are morhisms of T^*®-modules. □ 


t 

Hom{A^^ 0 T, A) 

t 

Hom{A 0 T, A) 

t 

Hom{T, A) 


t 

Hom{A^^ 0 T 0 T, A) 

t 

Hom{A ®T ®T,A) 

t 

Hom{A^T, A) 


t 

Hom{A®^ 0 T 0 A^T, A) 

t 

Hom{A 0 T 0 A^T, A) 

t 

Hom{A^T, A) 


2.4. So one has dehned a double complex A) (drawn above), whence 

the associated simple complex A), with the differential dehned by the 

usual formula 

dHcnix^^) = dcnix^^) + (—^ydnix^^) 

As we have remarked above, 

H'l,{C'c„c(T,A))^n‘+\T) 

whence a canonical emebedding of the (truncated and) shifted de Rham complex 

n *'{T) ^ C'ncHiT.A). 

In particular 

H\CHCHiT,A)) = := Kei{dDR : LI\T) Lf{T)) 

cf. (1.2.2). 

2.5. Consider a canonical element 

e G A) = Hom{A 0 T, A), e(a, r) = r(a). 

One has 

dHe{a, b] r) = ar(6) — r^ah) + 6r(a) = 0. 

Similarly 

dcHG^T, a, t') = Lier'e{a, r) = r'r^a) — rr'^a) — [r, T](a) = 0. 

It follows that the element 

e = (—e, 0) G A) © A) = C\jq^{T, A) 

is a 1-cocycle in the total complex A). 

When e is a coboundary? Equation 

dncHC = e, c eC^HCHiT,A) = Hom{T,A) 
is equivalent to two equations: 


d}{C — —e. 


( 2 . 5 . 1 ) 
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i.e. 


ac(r) — c(ar) = —T{a) 
which is the first axiom 1.2 (Divl), and 

dcHC = 0 , 


(2.5.2) 


i.e. 

tc{t') — t'c{t) + c([r, t']) = 0 

which is 1.2 (Div2). It follows that a BV structure on T is the same as an element 
c G A) such that dncnc = e. 

Consequently, the set 

CY{T) = {c e C^hch{T, A)\dHCHC = e} 

is naturally a torsor under 

H^CHCHiT.A) = Q}^<^\T), 
as we have seen already previously. 


3. Hochschild complex of a Gerstenhaber algebra 


3.1. Let A = be a graded /c-module. For a E A^ we set 

a = |a| = i 

If B' is another graded module, we set 

(a (8) = d + b 

for a (8) & G d' 0 5'. If / ; A —> B' is a map, we say that / = i if 

/(a)~ = d + i 

Thus for / G d'), we say that f = i ii 

n 

f (oi,..., a„)~ = dj + i 
i=i 

We denote 

Hom\A,B-) = {/ G Lfom(W,5-)|/ = f} 

3.2. Let d' be an associative graded /c-algebra, M' a graded d -bimodule. One 
defines the Hochschild complex C^{A,M') by 

Cl{A, M') = Hom{A®^, M') 

For / G C^{A,M') set 

I/I = f + n 



(sic!). The differential is defined by the formula (cf. [TT], 2.3): 

dufiai, a„+i) = ..., a„+i) + 

n 

+ (-l)l/l+i+E;=i(l“d+i)/(o,,..., aitti+i ,..., an+i) + 

i=l 

+ (_l)l/l+E"=i(kpl+i) ..., an)an+i (3.2.1) 

One checks that = 0. 

We will need the case M' = A. 

3.3. For example, 

dH/(a,6) = (-l)l“ll^l+l^l+V(&)+ 

+ (-l)l-^l+l“l/(a6) + (-l)l-^l+l“l+V(a)& (3.3.1) 

Similarly 

dHf{a,b,c) = (-l)l“ll^l+l^l+ia/(6,c) + (-l)l^l+l“l/(a6, c) + 

+ (_1)I/I+H+Id+1 6c) + (-l)l^l+l“l+l^l/(a, b)c. (3.3.2) 

In particular, the kernel 

Kei{d\j : C}j{A,M-) Cjj{A,M-) = 

= {f, A^M-\ - i-iy^afib) + fiab) - fia)b = 0} = 

= Der(W,M') (3.3.3) 

is identihed with the module of derivations of A with values in M'. 

3.4. Let G' be a Gerstenhaber algebra, and consider its Hochschild C'u{G', G') 
complex. Let us consider the Lie bracket [, ] : G' 0 G' —)■ G' as a Hochschild 
cochain [,] G G‘^(G',G'). We have deg [,] = —1, therefore 

l[,]l = l- 

3.5. Lemma, dnl,] = 0. 

Proof. We will use the Poisson identity 

[x,yz] = [x,y]z + z] (3.5.1) 

and its companion 

[xy,z] = x[y, z] + (3.5.2) 

which is a consequence of (3.5.1) and of the commutativity. 

Using (3.3.2), 

dnlKxAA) = + (-l)''''^Ma;|/,^] + 

+ (_1)N+M[a;,^;^] + {-lA\+\y\+\x,y]z = 
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_l_(_l)kl+|y|{[ 2 ;^ 1 /]^ + (— z]} + (— y]z = 0, 

QED. 

3.6. Remark. Maybe the identity dni,] = 0, i.e. 

x[y,z] - [xy,z] + (-l)l^l[a;, - (-l)'^'[x, ?/]^ = 0 

can serve as a replacement of the Poisson identity for non-commutative Poisson 
algebras. 

3.7. For 

A G Hom-\G\G-) C G^G^G') 
we will have |A| = 0, and 

dH^{x,y) = -x^{y) + (-l)l"'lA(a;|/) + (-l)l"'l+^A(a;)|/, 
cf. (3.3.1). Therefore the equation 

d//A = [,] (3.7.1) 

is equivalent to 

A{xy) - A{x)y - (-l)l"^la;A(|/) = {-l)\^\x,y], 

that is, to the axiom (BVl), cf. 1.3 (Koszul would say that A generates the 
bracket [, ], cf. [K], p. 262). 

3.8. Set A = G^, T = G^. One has a canonical morphism of Gerstenhaber 
algebras 

A-^{T) ^ G-. (3.8.1) 

Evidently, Hom{T,A) C Hom~^{G',G'). One has a canonical projection 

TT : HomiG ., G') —> Hom{T, A) 

which may be extended to a canonical projection of the Hochschild complexes 

tt : G-^\G\G-)^Gh{T,A). 

Note that the last term of the Hochschild differential (3.2.1) disappears in G'jj{T, A). 
One has 

7r([,]) = -e, 

since [a,r] = —T{a), and an operator A satisfying (3.7.1) will be transformed 
into an operator c G Hom(T, A) satisfying {Divl), dnc = —e. 


§4. The de Rham complex of a Gerstenhaber algebra 
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4.1. Let 0 ' be a graded Lie algebra and M' a graded g -module. The Chevalley 
complex M') is defined by = Hom{A^g', M'), with a differ¬ 

ential 

dcH f ( 2^1 ■} ■ ■ ■ 1 ^n+l ) 

n+l 


i=l 


'X 


l<i<j<n-\-l 

xf{[xi,Xj],Xi ,... ,hi, 

If N' is another graded g'-module, g' acts on Hom{M', N') by the usual formula 

{t4>){x) = T{(j){x)) — ( — 1)^®® ‘^^.(j){Tx) 

4.2. Let G' be a Gerstenhaber algebra. We can apply the previous definition 
to the graded Lie algebra := G'[l] which acts on itself by the adjoint 

representation, and get the complex 

^CH\^ ? ^ J •— ^CH\^ 5 ^ J* 

More explicitly, 

= //om(A"(G |l|),G [l]) c 
C //om(G'|l|)®’‘,G'[l]) = Hom(G-^'',G) 

For a homogenenous element / G Cqh{G',G'), let us denote by / its degree as 
an element of Hom{G'®‘^,G'). 

For an element x G G*, its degree as an element of G'[l] is i — 1. 

Therefore, given a map / : (G')®*^ —> G' of degree /, its degree as an element 
of Hom{G'[l])®^, G'[l]) is equal to / -|- n — 1. 

One identifies G^^{G\ G') with the space of polylinear functions / : (G')'^ —> 
G which are alternating in the following sense: 

f ■ ■ ■ 1 ^ii ■ ■ ■ 1 ^n) 

= • • • , Xi+i,Xi, ...,Xn) 

The differential is acting as follows: for / G G^jj{G',G'), 

n+l 

dcnfixi, ..., Xn+i) = ^ [Xi, f{xi, ..., hi, .. .)] X 

i=l 

y ^ _][y+i+(^i~i)(/+^~i+T]p=iGp“i)) _|_ 

+ f([Xi,Xj],Xi,. . . ,Xi,. . . ,Xj,. . .)x 

l<i<j<n-\-l 


(4.2.1) 
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X ( —Ep=i(a:p-1) X 

x(-i)(^i-i)Si<,<,_i. (4.2.2) 

For example, for g E G' we have 

dcH9{x) = = [g,x], (4.2.3) 

and for / G Hom{G ., G') 

dcHf{x,y) = 

-[y, - f{[x,y]) = 

= f{y)] + [f{x),y] - f{[x, y]). (4.2.4) 

Note that {dcnf)^ = / ~ 1- 

4.3. Now we will introduce a double ’’Hochschild - Chevalley” complex {G^^Q^iG', G')}, 
with i > 0, j = 0,1. So our double complex will have only two lines. 

The 0-th line will be a shifted Chevalley complex: 

CSch(G\G-) :=C(«(ff,G). 

For example, at the corner we will have 

Ch%h{G',G-) = Hom{G-,G-). 

4.4. The first line of the Hochschild - Chevalley double complex coincides by 
dehnition with the Chevalley complex of with coefficients in Gjj{G' ,G'): 

G-^ch{G\G-) := Ge^(G“^G|,(G■,G■)), n > 1. 

More exactly, one identihes G|f(G',G') with 

Hom{G-^^,G-) =ifom((G-[l])®^G-[l]), 

where the right hand side carries an evident structure of a G^*®-module. 

Note that one can identify 

Cn'MC X ) = ffom(A”'(G [l]) ® (G'[1])®^G [1]) 

which in turn is a spaceof functions of m -|- 2 arguments 

f{Xi, ...,Xm; Xm+l,Xm+2) ■ (G')™^^ -^ G' 

which are alternating, in the sense of (4.2.1), with respect to the hrst m argu¬ 
ments. 

4.5. Explicitly, the Chevalley differential in the first line 

icH - CScilG-.G ) = /fom(A’'-‘(G [l])®(G|l])®",G-|l]) ^ 

^ ffom(A“(G |l]) 0 (G-|1])®^G|1]) = GS‘o„(G',G ) 
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acts by 


(^CH f (2^1) • • • ) ^n+li 2'n+2) 


^ [XiJ{Xi,. . . ,Xi,. ..)] ■ (-1) 


_1 Y+^+ixi-^)[f+'>^+YllJi(^p-^)]_ 


2=1 


-f{xi,. . . ,Xi,. . .■,[Xi,Xn+l],Xn+ 2 ) ■ l)Ep=i+l(^P 1). 


-/(xi,... ,£i,... ;a;n+i, [a;i,a;n+2]) ■ bE"=i+i(*P i)_^ 

+ ^ ^ f j j ■ ■ ■ 1 ^n+lj ^n+ 2 )^ 

l<2<ji'<r2 

X (^_xy+t+(*i-i) Ep=\(*p-i) X 
X —El<5<j-1, q^i (^q-^) 

For example, for n = 1: 

dcHf{x-,y,z) = [x,f{y,z)]{-iy^-^'^^f+^'^- 

-f{[x,y],z) - f{y, [x, z\){-iy^-^'^^y-^\ 

(a) The corner square 


4.6. Recall that 


dn = < : Hom{G'[iyG-[l]) From((G-[l])®^ G-[l]) 


acts as 


dHf{x,y) = {-lf^^^^^^^xf{y)+ 

+ (-l)f+^+^f(xy) + i-iy+^fix)y, 

cf. (3.3.1) (we have |/| = / + 1). 

One dehnes a vertical ’’Hochschild” differential 

d„ = d'S : C'°c„(G\G ) = i/om(A=(G [l]),G |l|) 

^ ff»n.((G [l])®lG [l]) = C]Scq(G\G) 

by the formula 

dHf{x,y,z) = {-iy^-^^^+^^^-^^^yf{x,z)+ 

+ (_l)/+Wi/(3.^^^) + (-i)f+^+yf(x,y)z 

4.7. Lemma. PFe have 

jOI jOO _ aWMO 
^CH^H — ^H^CH- 


(4.5.1) 

(4.5.2) 


This is proven by a direct (although long) calculation. 
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(b) The vertical differential: general case 

4.8. One defines the vertical ’’Hochschild” differential 

< : C’S'c„(a-,G ) = /fom(A”+>(G |l]),G |l]) ^ 

^ ffom(A”(G|l]) 0 (G|1])®",G|1]) = C':Ich(G\G ) 

by the formula 

dl^f{Xi,...,Xn,Xn+l,Xn+2) = -P+D+Z+E? x 

^ ^n+1 f (^1) • • • ) ^n+ 2 ) “1“ 

+ (_1)/+EZ+^ ^P+i ..., a;„, Xn+iXn+2) + 

+ (_1)/+Ei+ ^Pf{xi, ...,Xn, Xn+l)Xn+2, 

Note that 

{dcHfV = / - 1 et {dnlT = /• 

4.9. Lemma. For all n >0, on a . 

The proof is also a direct calculation. 

(c) De Rham complex 
4.13. We define spaces 

n-{Gr ■■= Keridn : ^ CfTcWG')), n > 1; 

= Q- 

Explicitly, the space is identified with the space of polylinear maps 

/ : G'^ ^ G' 

which are: 

(a) alternating, i.e. 

f{Xi, ...,Xn) = • • • , Xi+i,Xi, ...,Xn) 

(b) satisfy the identity 

f{xi,...,Xn-uyz) = 

= (-l)yG+T.i + /(a;i,...,a;n_i,i/)^ 

For example, 

= Der(G-,G') := {/ G iZom(G',G')| fixy) = {-if^'xfiy) + fix)y} 

Due to 4.9, the Chevalley differential induces a differential don '■ Tl'^{G') — 
D^+i(G-), n > 1. 



14 


Moreover, recall the differential 

dcH ■ G' —)■ Hom{G',G'), dcHg{x) = [g,x\, 

cf. 4.2.3. We have (dcng)"^ = g ~ and one checks at once that dcng G 
Der(G',G ), therefore den induces a map 

doR : G- = = Der(G-,G-), doRgix) = [g,x\. 

This dehnes a complex r2*(G*)~ which we call a big de Rham complex of G*. 

Inside it, we dehne a subcomplex f2 (G') C f2'(G )~, the small de Rham 
complex of G , by 

fiO(G') = G°; ff"(G-) = {/ e n^{GT\f = -n} 

4.14. Example. Suppose that G' = A^(T) is the Schouten - Nijenhuis algebra 
of an A-Lie algebroid T. We have f2°(A^(T)) = A. 

A degree —1 derivation a; G Q^(A'^(T)) = Der“^(A^(T), A^(T)) is uniquely 
dehned by its values on T, cj(t) G A. The derivation condition for a G A, r E T 
will be oj^ar) = au^r), i.e. 

n\A^{T)) = HomA{T,A) = n\T). 

Similarly, a biderivation G f2^(A^(T)) is uniquely defined by its values t') G 
A, r, t' G T, and the axiom (b) means that u is A-linear with respect to r', and 
therefore with respect to r, since u is alternating, whence 

n^{Aj^{T)) = HomA{A^T,A) = Q\T). 

More generally, f2”(A)^(T)) may be identified with f2”(T) := HomA{A'^T, A) for 
all pour tons n > 0. 

On the other hand, for u G 0^(A^(T)) and t,t' eT we have (cf. (4.2.4)): 
dDR(x{T,T') = dcH^xir.r') = [r,a;(r')] - [t\uj{t)] -a;([r,r']) = 

= ^(^(^ 0 ) - ^ 1 ) 

More generally, the differential in 0'(A^(T)) is identified with the usual de Rham 
differential in 0'(T), cf. [GMS], 1.3. 

In particular, the subspace of closed 1-forms 


§5. Batalin - Vilkovisky structures 


5.1. Let G' be a Gerstenhaber algebra. Gonsider the bracket 
1,1 e Hom(G«^G) = C”„c(G'.G), [,] = -1 
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We have seen in 3.4 that ] = 0. 

On the other hand (cf. (4.5.2)), 

dcHl]{x,y,z) = [x, [y,z\] - [[x,y],z\ - [x,z\] = 0 , 

i.e. dcH[i] = 0 as well. 

5.2. Let A G Hom{G',G') be an element of degree —1 such that 

dn^ = [, ], 

i.e. (cf. 3.7) 

[x, y] = (-l)"'{A(a;i/) - A{x)y - (-l)*a;A(i/)} (5.2.1) 

Let us compute dcn^ (cf. (4.2.4)): 

dcH^{x,y) = (-l)"^“^[a;, A(i/)] - (-l)(^“^)^[i/, A(a;)] - A([a;,i/]) = 

= -|A(a;A(i/)) - A(a;)A(i/) - (-l)*a;A^(i/)|- 

-(-1)'®-"*+s|a(!/A(i)) - A(v)A{x) - (-l)Sj/A"(i)|- 

-(-1)*|a"(i») - A(A{x)v) - (-l)*A(iA(s))} = 

= (-1)*+1{A'"(x9) - A^(x)y - xA^(y)} 

Note that 

(-l)'S-‘>*[j/,A(i)| = [A(i),s] 

Thus we have: 

5.3. Lemma. If A G Hom{G',G'), A~ = —1 verifie duA = 0 then 

dcH^{x, y) = - ^^{x)y - xA^{y)}. 

□ 


5.4. Let us call a quasi BV structure on G' an element A G Hom{G',G') 
of degree —1 such that dnA = [, ] and dcn^ = 0, i.e. such that 

A{xy) - A{x)y - {-IfxAiyj) = {-lY[x,y] 

{BVl) 

and 

A(i/)], 

i.e. A is a derivation of the graded Lie algebra = G'[l]. 

{qBV2y 

By 5.3, {qBV2y is equivalent to 


A‘^{xy) = A^{x)y + xA^{y) 

{qBV2y 


i.e. A^ is a est derivation of the assocative algebra G'. 

We see that {qBV2) is weaker than the BV axiom, A^ = 0, cf. [K], §1. 
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5.5. By §4, (a), the set qBV{G') of qBV structures on G is a torsor under 
the space 

G-)) = Ker(4°) n Ker(4°^) = 

:= Ker{d : Q}{G-) 

For G' = A'j^(T) the r2^’^®''(G')-torsor qBV{G') is identihed with the r2^’^®''(T)- 
torsor BV (T). 

5.6. Remarks, (a) Consider the bracket as an element u G G}jfjfj{G' ,G') = 
Hom{A^{G'[l]),G')[l], u{x,y) = [x,y]. 

If I E G‘^Qjf{G' ,G') = Hom{G'[l],G'[l]) is the identity morphism then u = 
dcnl) whence dcn^ = 0. 

Computing the Hichschild differential, 

dHUj{x,y,z) = {-iyy+^+^y[x,z] + {-iy+y[x,yz] + {-lf+y+^[x,y]z = 0, 

i.e. d/fo; = 0. Therefore u E r2^(G')~ (ca ^ r2^(G') since u = —1), and doRUJ = 0. 

However, 

dHl{x,y) = {-lyxy, 

so u is not a coboundary in 

(b) If one dehnes m E G^^{G', G') by m = dnl-, i-e. 

m(a;, y) = (—lYxy 

then dnm = 0 and 

dcH^ ~ dcndnl ~ dudcijl ~ duu = 0 . 


5.7. It seems very probable that the contents of [S2], Caput 2 (resp. of [S3]) 
can be generalized to the context of Gerstenhaber algebras, i.e. one can dehne a 
notion of a vertex strueture (resp. of a membrane structure) on a Gerstenhaber 
algebra. The set of these structures should form a 2-torsor over a truncated de 
Rham complex 

(resp. over 


It would be interesting to understand the nature of the corresponding envelop¬ 
ing ’’vertex Gerstenhaber algebras”. It is not immediate, due to the last term in 
Hochschild differential, which is not seen in the framework of vertex algebroids. 
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